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Planck $\epsilon$ ( )
Schr\"odinger $u^{\epsilon}$ $\epsilonarrow 0$ WKB
$u^{\epsilon}(t, x)=e^{i\frac{\phi(t,x)}{\epsilon}}(a_{0}(t, x)+\epsilon a_{1}(t, x)+\cdots+\epsilon^{n}a_{n}(t, x)+o(\epsilon^{n}))$ (1.1)
1. $\epsilon$ $\phi(t, x)$
$u^{\epsilon}e^{-i\phi/\epsilon}$ $\epsilonarrow 0$
$a_{0}$
2. $\epsilon$ $aJ(t, x)(1\leq i\leq n)$






$\epsilon$ (cf. cascade of
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$u^{\epsilon}$ (1.1) : $A^{\epsilon}=$











$\partial_{t}\phi+\frac{1}{2}|\nabla\phi|^{2}+V=0$ , $\phi(0, x)=\Phi(x)$ (2.3)
$\phi$ (2.3)
$\nabla\phi$
$\partial_{t}\nabla\phi+(\nabla\phi\cdot\nabla)\nabla\phi+\nabla V=0$ , $\nabla\phi(0, x)=\nabla\Phi(x)$ (2.4)
(2.4) $\nabla\phi$
$\phi(t, x)=\Phi(x)-\int_{0}^{t}\frac{1}{2}|\nabla\phi(s, x)|^{2}ds-tV(x)$ (2.5)
(23) (24)
$X$
$\frac{d}{dt}X(t, y)=\nabla\phi(t, X(t, y))$ , $X(0, y)=y$ (2.6)
(2.4) $X$
$\frac{d^{2}}{dt^{2}}X(t, y)=\nabla V(X(t, y))$ , $\frac{d}{dt}X(0, y)=\nabla\Phi(y)$ , $X(0, y)=y$ (2.7)
Newton (2.7) $[0, T]$
$y\mapsto X(t, y)$ $t\in[0, T]$
$\nabla\phi(t, x)=\nabla\Phi(X^{-1}(t, y))+l_{0}^{t}\nabla V(X(s, X^{-1}(t, x)))ds$ (2.8)
33
$\nabla\phi$
$y\mapsto X(t, y)$ to $\nabla\phi$
$\Delta\phi$
$t\in[0$ , to $)$ $y\mapsto X(t, y)$ $t=t_{0}$
$\det(\nabla_{y}X(t_{0}, yo))=0$ $y0$
$0<t<t_{0}$ (2.6)




$\Delta\phi(t, X(t, y_{0}))$ $-\infty$








$\partial_{t}a_{0}+\nabla\phi\cdot\nabla a_{0}+\frac{1}{2}a_{0}\Delta\phi=0$ , $a_{0}(0, x)=A_{0}(x)$ (2.10)
$A_{0}= \lim_{\epsilonarrow 0}A^{\epsilon}$
$X(t, y)$





$\partial_{t}^{r}a_{j}+\nabla\phi\cdot\nabla a_{j}+\frac{1}{2}a_{j}\triangle\phi-\frac{i}{2}\triangle a_{j-1}=0$, $a_{j}(0, x)=A_{j}$
$X$
$\frac{d}{dt}(a_{j}(t, X(t, y))e^{\frac{1}{2}\int_{0}^{t}\triangle\phi(s,X(s,y))ds})$
$= \frac{i}{2}\triangle a_{j-1}(t, X(t, y))e^{\frac{1}{2}\int_{0}^{t}\Delta\phi(s,X(s,y))ds}$
$a_{j}(t, x)= \frac{1}{\sqrt{\det(\nabla_{y}X(t,X^{-1}(t,x)))}}A_{j}(X^{-1}(t, x))$






$\frac{d^{2}}{dt^{2}}X(t, y)=0$ , $\frac{d}{dt}X(0, y)=0$ , $X(0, y)=y$
$X(t, y)=y$ $X$ $X^{-1}(t, x)=$
$x$ $\phi(t, x)\equiv 0$ $\det\nabla_{y}X(t, y)=1$









$\frac{d^{2}}{dt^{2}}X(t, y)=0_{7}$ $\frac{d}{dt}X(0, y)=-y$ , $X(0, y)=y$
$X(t, y)=y(1-t)$ $X$ $t<1$
$X^{-1}(t, x)=x/(1-t)$ $t<1$ (2.8)








$i \epsilon\partial_{t}u^{\epsilon}+\frac{\epsilon^{2}}{2}\Delta u^{\epsilon}=N(|u^{\epsilon}|)u^{\epsilon}$; $u^{\epsilon}(O, x)=A_{0}^{\epsilon}(x)\exp(i\Phi_{0}(x)/\epsilon)$ . (3.1)
$N$ $N(|u|)$ $u$
:. 3 : $N(|u^{\epsilon}|)=f(|u^{\epsilon}|^{2})$ , $f$ : $\mathbb{R}+arrow \mathbb{R}+$




$i \epsilon\partial_{t}u^{\epsilon}+\frac{\epsilon^{2}}{2}\Delta u^{\epsilon}=f(|u^{\epsilon}|^{2})u^{\epsilon}$ ; $u^{\epsilon}(0, x)=A_{0}^{\epsilon}(x)\exp(i\Phi_{0}(x)/\epsilon)$
(CNLS)




P. G\’erard [11] ([23] ).
2. Schr\"odinger-Poisson :
$\{\begin{array}{l}i_{\Xi(}’tu^{\epsilon}+\frac{\epsilon^{2}}{2}\triangle u^{\epsilon}=\lambda V_{P}^{\epsilon}u^{\epsilon},-\triangle V_{P}^{\epsilon}=|u^{\epsilon}|^{2}, V_{P}^{\epsilon}arrow 0 as |x|arrow\infty,u^{\epsilon}(0,x)=A_{0}^{\epsilon}(x)\exp(i\Phi_{0}(x)/\epsilon),\end{array}$ $(SP)$
$\lambda=\pm 1$ . [1, 16, 18, 19, 24, 25]
3. Hartree equation
$i \epsilon\partial_{t}u^{\epsilon}+\frac{\epsilon^{2}}{2}\Delta u^{\epsilon}=\lambda(|x|^{-\gamma}*|u^{\epsilon}|^{2})u^{\epsilon}$ ; $u^{\epsilon}(0, x)=A_{0}^{\epsilon}(x)\exp(i\Phi_{0}(x)/\epsilon)$ ,
(H)
$\lambda=\pm 1$ . $[7]$ 3















































$\{\begin{array}{l}\partial_{t}a0+\nabla\phi 0^{\cdot}\nabla a0+\frac{1}{2}a0\triangle\phi_{0}=0,\partial_{t}\phi_{0}+\frac{1}{2}|\nabla\phi_{0}|^{2}+N(|a0|^{2})=0,a_{0}(0)=A_{0}, \phi_{0}(0)=\Phi.\end{array}$ (3.4)
$b_{1}^{\epsilon}=(a^{\epsilon}-ao)/\epsilon,$ $\psi_{1}^{\epsilon}=(\phi^{\epsilon}-\phi 0)/\epsilon$















$\Phi\equiv 0$ (3.4) $t\downarrow 0$












([14, Th. 4.5.9] [12, Lemma 7])






3.3 ([13], (CNLS) WKB ). $f\in C^{\infty}(\mathbb{R}+:\mathbb{R}_{+})$ $f(0)=0$
$f’>0$ $k\geq 1$ $s$ $s>d/2+2k+4$
$\Phi_{0}\in X^{s+1}$ $A_{0}^{\epsilon}$ $\epsilon\in[0,1]$
$A_{0}^{\epsilon}= \sum_{j=0}^{k}\epsilon^{j}A_{j}+o(\epsilon^{k})$ $in$ $H^{s}$ (3.6)
40
$\epsilon$ $T>0$ (CNLS)
$u^{\epsilon}\in C([0, T];H^{\delta})$ $\emptyset 0\in C([0, T];X^{s+1})$
$\beta_{j}\in H^{s-2j-2}$
$u^{\epsilon}=e^{i_{\zeta}^{\Delta}}(\beta_{0}+\epsilon\beta_{1}+\cdots+\epsilon^{k-1}\beta_{k-1}+o(\epsilon^{k-1}))\phi$ in $C([0, T];H^{s-2k-2})$
(3.7)
3.4 ( $(SP)$ WKB ). $d\geq 3,$ $\lambda\in \mathbb{R}$ $k$
$s$ $s>d/2+2k+3$ $\Phi_{0}\in C^{2k+5}$
$\nabla^{2}\Phi_{0}\in H^{s}$
$A_{0}^{\epsilon}$ (3.6) $\Xi$
$T>0$ (SP) $u^{\epsilon}\in C([0, T];H^{s})$
$\phi 0\in C([0, T];C^{2k+5})$ $\beta_{j}\in H^{s-2j-2}$ (3.7)
35((H) WKB ). $d\geq 3,$ $\lambda\in \mathbb{R}$ $\gamma$ $d/2-2<$
$\gamma\leq n-2$ $k$ $s$ $s>d/2+$
$2k+3$ $\Phi_{0}\in C^{2k+5}$ $\nabla^{2}\Phi_{0}\in H^{s}$ $A_{0}^{\epsilon}$
(3.6) $\epsilon$ $T>0$ (SP)




33 $\Phi_{0}\in X^{s+1}$ $\Phi_{0}$
0 3 32
$c_{0}\in \mathbb{R}$ $\Phi_{0}-$ co $\in L^{2^{*}}$ $2^{*}=2n/(n-2)$
34 35 $\Phi_{0}\in C^{2k+5}$ $\nabla^{2}\Phi_{0}\in H^{8}$
$X^{s+1}(\mathbb{R}^{d})$
$\Phi_{0}$ $arrow\infty$
$d\geq 3$ 32 $c_{\infty}\in \mathbb{R}^{n}$
$\nabla\Phi_{0}-c_{\infty}\in L^{2^{*}}$ $d\geq 5$
$c_{0}$
$\Phi_{0}-c_{0}-c_{\infty}\cdot x\in L^{2^{*}}$ $2^{**}=(2^{*})^{*}=2n/(n-4)$







$\{\begin{array}{l}\partial_{t}a^{\epsilon}+\nabla\phi^{\epsilon}\cdot\nabla a^{\epsilon}+\frac{1}{2}a^{\epsilon}\Delta\phi^{\epsilon}=\frac{i\epsilon}{2}\Delta a^{\epsilon},\partial_{t}\phi^{\epsilon}+\frac{1}{2}|\nabla\phi^{\epsilon}|^{2}+f(|a^{\epsilon}|^{2})=0,a^{\epsilon}(0)=A^{\epsilon}, \phi^{\epsilon}(0)=\Phi\end{array}$ (3.8)
$f(y)=\lambda y$ $\lambda$
$\phi^{\epsilon}$ $\nabla\phi^{\epsilon}$ $\nabla\phi^{\epsilon}$ (2.5)
$\phi^{\epsilon}$ $v^{\epsilon}=\nabla\phi^{\epsilon}$ $(a^{\epsilon}, v^{\epsilon})$
;
$\{\begin{array}{l}\partial_{t}a^{\epsilon}+v^{\epsilon}\cdot\nabla a^{\epsilon}+\frac{1}{2}a^{\epsilon}\nabla\cdot v^{\epsilon}=\frac{\prime i\epsilon}{2}\triangle a^{\epsilon},\partial_{t}v^{\epsilon}+(v^{\epsilon}\cdot\nabla)v^{\epsilon}+2\lambda{\rm Re}(\overline{a^{\epsilon}}\nabla a^{\epsilon})=0,a^{\epsilon}(0)=A^{\epsilon}, v^{\mathcal{E}}(0)=\nabla\Phi\end{array}$ (3.9)









$\{\{\begin{array}{lllllllll}W_{j+2} 0 0 \cdots 0 \frac{1}{2}W_{l} 0 \cdots 00 W_{j+2} 0 \cdots 0 \frac{l}{2}W_{2} 0 \cdots 00 0 | | 0 0 \frac{1}{2}W_{l} \frac{1}{2}W_{2} W_{j+2}Id_{dxd} 0 0 | | 0 0 \end{array}\}$
$=;A_{j}$
$(d+2)\cross(d+2)$ $A_{j}(1\leq j\leq d)$














(SP) (H) $\gamma=d-2$ (H)
$\{\begin{array}{l}\partial_{t}a^{\epsilon}+v^{\epsilon}\cdot\nabla a^{\epsilon}+\frac{1}{2}a^{\epsilon}\nabla\cdot v^{\epsilon}=\frac{i\epsilon}{2}\Delta a^{\epsilon},\partial_{t}v^{\epsilon}+(v^{\text{\’{e}}}\cdot\nabla)v^{\epsilon}+\lambda\nabla(|x|^{-\gamma}*|a^{\epsilon}|^{2})=0,a^{\epsilon}(0)=A^{\epsilon}, v^{\epsilon}(0)=\nabla\Phi\end{array}$ (310)
(39)
(310)
$\{\begin{array}{l}\partial_{t}a^{\epsilon}+v^{\epsilon}\cdot\nabla a^{\epsilon}+\frac{1}{2}a^{\epsilon}\nabla\cdot v^{\epsilon}=\frac{i\epsilon}{2}\Delta a^{\epsilon},\partial_{t}\nabla\tau)^{\epsilon}+\nabla((v^{\epsilon}\cdot\nabla)v^{\epsilon})+\lambda\nabla^{2}(|x|^{-\gamma}*|a^{\epsilon}|^{2})=0,a^{\Xi}(0)=A^{\epsilon}, \nabla v^{\epsilon}(0)=\nabla^{2}\Phi\end{array}$ (3.11)
$(a^{\epsilon}, \nabla v^{\epsilon})$ $H^{s}$
$v^{\epsilon}$ ( $\phi^{\epsilon}$
$)$
(cf. Riesz [21] ),
:
37([7]). $d\geq 3$ $k\geq 0,$ $s,$ $\in \mathbb{R}$ $\gamma>0$ $d/2-2<$
$\gamma\leq d-2$ $C_{s}$






([6] ). $\epsilon$ Hartree
$i \partial_{t}u+\frac{1}{2}\Delta u=\lambda(|x|^{-\gamma}*|u|^{2})u$ ; $u_{|t=0}=u_{0}$ (41)
WKB
$u(t, x)$ (4.1) $\lambda>0$
$u_{\lambda}(t, x)=\lambda^{1+\frac{d-\gamma}{2}}u(\lambda^{2}t, \lambda x)$
$\Vert u\lambda(0)\Vert_{\dot{H}^{s}}=\lambda^{s-\frac{\gamma}{2}+1}\Vert u_{0}\Vert_{\dot{H}^{s}}$
$\lambda$ $s_{c}= \frac{\gamma}{2}-1$
41([7]). $d\geq 5$ $\lambda\in \mathbb{R}\backslash \{0\},$ $\max(d/2-2,2)<\gamma\leq d-2$
$0<s<s_{c}=\gamma/2-1$
$(\psi_{0}^{h})_{0<h\leq 1},$ $\psi_{0}^{h}\in S(\mathbb{R}^{n})$ , $\Vert\psi_{0}^{h}\Vert_{H^{s_{\vec{harrow 0}}}}0$ ,
$t^{h}arrow 0$
$i \partial_{t}\psi^{h}+\frac{1}{2}\triangle\psi^{h}=\lambda(|x|^{-\gamma}*|\psi^{h}|^{2})\psi^{h}$ ; $\psi_{|t=0}^{h}=\psi_{0}^{h}$
$\psi^{h}$ :
$\Vert\psi^{h}(t^{h})\Vert_{H^{k}\vec{harrow 0}}+\infty$ , $\forall k>\frac{s}{1+s_{c}-s}=\frac{s}{\gamma/2-s}$ .
$k=s$ $s<s_{c}$




41 $A_{0}\in S(\mathbb{R}^{d})$ ( )
9 $<s’<s_{c}$ $s’$
$\psi_{0}^{h}(x)=h^{s’-d/2}A_{0}(\frac{x}{h})$
$\psi_{0}^{h}$ $\epsilon=h^{s_{c}-s’}=h^{\gamma/2-1-s’}$ $harrow 0$
$\epsilonarrow 0$ $u^{\epsilon}$
$\psi^{h}(t, x)=h^{\epsilon’-d/2}u^{\epsilon}(\frac{t}{\prime,\vee h^{2}},$ $\frac{x}{h})$ .
$\psi^{h}$ (4.1) $u^{\epsilon}$


























$\epsilonarrow 0$ ( )
, Schr\"odinger
$i \epsilon\partial_{t}u^{\epsilon}+\frac{\epsilon^{2}}{2}\triangle u^{\epsilon}=N(|u^{\epsilon}|)\prime u^{\epsilon}$ ; $u^{\epsilon}(0, x)=A_{0}^{\epsilon}(x)\exp(i\Phi_{0}(\prime x)/\in)$ . (5.1)




$i \epsilon\partial_{t}u^{\epsilon}+\frac{\epsilon^{2}}{2}\Delta u^{\epsilon}=N(|u^{\epsilon}|)u^{\epsilon}$ ,
$N$ $\rho^{\epsilon}$
$v^{\epsilon}$ $u^{\epsilon}$
$\rho^{\epsilon}$ $:=|u^{\epsilon}|^{2}$ , $v^{\epsilon}$ $:= \epsilon\nabla\arg u^{\epsilon}=\epsilon{\rm Im}(\frac{\nabla u^{\epsilon}}{u^{\epsilon}})$ . (5.2)




$u^{\epsilon}=\sqrt{\rho^{\epsilon}}e^{iS^{\epsilon}/\epsilon}$ $($ $S^{\epsilon}=\epsilon\arg u^{\epsilon})$
$- \sqrt{\rho^{\epsilon}}e^{i\frac{s^{\epsilon}}{\epsilon}}(\partial_{t}S^{\epsilon}+\frac{1}{2}|\nabla S^{\epsilon}|^{2}+N(\sqrt{f}))$





























$\rho^{\epsilon}=|a^{\epsilon}|^{2}$ , $\rho^{\epsilon}\tau^{\epsilon}=\rho^{\epsilon}\nabla S^{\epsilon}=|a^{\epsilon}|^{2}\nabla\phi^{\epsilon}+\epsilon{\rm Im}\overline{a^{\epsilon}}\nabla a^{\epsilon}$
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